In this paper, a hybrid control algorithm is proposed to control the rotation of a flexible beam while suppressing the beam's vibration. The control law combines an enhanced PD feedback with a nonlinear differentiator to derive a high-quality velocity signal to control the gross motion of the beam, and a vibration control by PZT actuators bonded on the surface of the beam. There are three advantages of the proposed method: (i) the enhanced PD control is model free, and appears to be more robust against the noise; (ii) the linear velocity rather than the angular velocity is used in the PZT actuator control, a signal which is easily available; (iii) a unique solution is provided for examination of the actuator placement, based on the analysis of mode shape functions. Experimental results validate these theoretical analyses.
Introduction
Controls of rotational flexible beams have been extensively studied in the past decades [1] [2] [3] [4] [5] . In space applications, for example, the robotic systems and vehicles are usually made of lightweight materials to help the launch, and hence are subject to a high degree of flexibility and encounter unavoidable mechanical vibration [6] . The focus of controlling a rotational flexible beam lies in the design of a robust control approach for controlling the gross motion while suppressing the beam's vibration.
In this study, we propose a hybrid control approach to control the gross motion of a rotational flexible beam while using piezoelectric actuators (i.e. PZT) bonded on the surface of the flexible beam to suppress the beam's vibration. The hybrid control law consists of two parts. The first part is an enhanced PD feedback control with a nonlinear differentiator to derive a high-quality velocity signal based on position measurement only. The second part is the PZT actuator control using linear velocity feedback, named L-type control [7, 8] .
The motivation of designing an enhanced PD feedback control is to improve system robustness against the noise. Although the simple PD feedback control used in [8] was very easy to implement, it was not robust against disturbances in practice. The enhanced PD feedback control proposed in this paper utilizes an innovative nonlinear differentiator (ND) to derive a high-quality velocity signal. Some researchers employed a Kalman filter to estimate the velocity [9, 10] . Since the approach with a Kalman filter requires the target velocity trajectory to be sent to the filter, it cannot be applied to the case where arbitrary velocity is measured [11, 12] . With the development of control theory, many approaches using the observer have also been studied [11] [12] [13] [14] [15] . In this paper, based on the fact that the numerical integration provides more stable and accurate results than numerical differentiation in the presence of noise, a simple nonlinear differentiator (ND) is developed to obtain a high-quality velocity signal based on the position measurement only. Unlike the Kalman filter or other observer-based approaches mentioned above, the proposed nonlinear differentiator does not require the system model, and consequently it is easy to implement in practice.
In recent years, the use of smart piezoelectric materials for actuation has grown in vibration damping [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] . The majority of smart actuator controls in the literature utilized feedback of the angular velocity at the actuator's location and was designed based on relative easy stability analysis. However, the angular velocity signal is difficult to obtain in practice. In contrast, the linear velocity at the actuator's location is readily available through integration of the acceleration measured by an accelerometer [16] , or differentiating deformation measured by a position-sensitive detector (PSD) [26] . As a result, it is feasible to use linear velocity feedback in the controller formulation. In this paper, the actuator placement is designed based on three conditions [27] : first, actuators are located in regions where the mode shape function of each mode and its first derivative have the same trend of variation within the length of the actuator; second, actuators are placed away from regions where the second derivatives of mode shape functions change sign; third, actuators are placed in regions with the maximum vibration damping effect. Note that the first two conditions arise from the stability requirement, and the third condition is to improve the vibration control performance.
The proposed hybrid control algorithm successfully integrates the enhanced PD control with a nonlinear differentiator to improve the system robustness, and an Ltype PZT actuator control with unique design for the actuator placement. In [27] , a standard PD control incorporated with an L-type PZT actuator control was used, which cannot address the robustness issue. Moreover, in this paper, we report on more thorough experiments that have been conducted on a flexible beam to confirm theoretical predictions.
Dynamic modelling
A rotational flexible beam with a tip mass is modelled as a uniform cantilever beam that can rotate about the Z -axis perpendicular to the paper, as shown in figure 1. The control system includes an attitude control torque acting on the hub for rigid motion control, and n piezoelectric (PZT) actuators bonded on the surface of the beam for vibration damping. Each PZT actuator is uniformly designed and its location is represented by coordinates a i1 and a i2 (i = 1, . . . , n).
Applying a control voltage, the PZT actuator generates a shear force that can be used to damp the vibration of the beam.
Define w(x, t) as the deflection of the beam at point x (see figure 1) , where t denotes time and x ∈ [0, l] the beam coordinate. The deflection w(x, t) can be represented using the assumed modes model:
where φ k (x) is the normal function, q k (x) the generalized flexible coordinate, and k the index representing the mode number (k = 1, . . . , m). Applying Lagrange's equation, the motion of the complete system equation is derived as [8] 
where θ denotes the hub angle with respect to the inertial Xaxis (see figure 1) , M(q) and C(θ , q,q) denote the system inertia and nonlinear effects, respectively, K q denotes a stiffness matrix, u(t) is the control input, cV i (t) is a bending moment generated by the i th PZT actuator, c is a positive constant representing the bending moment per volt [16] , and V i (t) is a uniform control voltage applied to the i th PZT actuator. Defineφ (i ) as the slope difference between two ends of the i th actuator, i.e.,
1 2Ṁ
(q) − C(θ , q,q) is a skew symmetric matrix.
Control design
In this section, we propose to use a hybrid control algorithm to control the gross motion of the beam while damping the beam's vibration. The gross motion is controlled by a PD feedback with a nonlinear differentiator to obtain high-quality velocity signals. The vibration is suppressed by a so-called linear velocity feedback (L-type) control law applied to the PZT actuators bonded on the surface of the beam [8] . Based on the system dynamics (2), the hybrid control law is
where
, representing the position and velocity errors, respectively, K P and K D are proportional and derivative gains. The term n i=1 cV i (t) is for cancellation of the effect of PZT actuator control to the gross motion of the beam, to avoid unwanted interaction problems between the inputs of the PD feedback and PZT actuator control.
Substituting (4) into (2) yields the closed-loop equation: 
PD feedback with a nonlinear differentiator
To implement PD feedback control with position measurement only, the velocity signal must be derived through differentiating position signals. In this study, we propose to use a so-called nonlinear differentiator (ND), as shown in figure 2 , to derive the velocity signal. The nonlinear differentiator (ND) [28] is constructed based on the fact that the numerical integration provides more stable and accurate results than numerical differentiation in the presence of noise. Consider a system that, for a given reference signal r (t), provides two signals r 1 (t) and r 2 (t), such that r 1 (t) → r (t) and r 2 (t) →ṙ (t).
Lemma 1. Suppose z(t) is a continuous function defined in
, the following expression holds for an arbitrarily given T > 0:
Lemma 1 can be easily proved by the theorem of mean, i.e., there is a τ
If z 1 (t) → 0 and z 2 (t) → 0 as t → ∞, for an arbitrary constant β and T > 0, the solution r 1 (t) to the systeṁ
makes the following expression hold:
The proof of theorem 1 can be found in appendix A. 
The proof of theorem 2 can be found in appendix B. Theorem 2 shows that r 2 (t) weakly converges to the generalized derivative of a bounded integrable function r (t). Therefore, system (9) can be used as a nonlinear differentiator to provide a smooth approach to the generalized derivative. Specifically, a nonlinear differentiator of ND(I) in figure 2 can be designed in a discrete form, i.e.,
where k is the index representing the kth sampling instant, h is the sampling period, δ 0 a velocity factor to determine the transition characteristics, and h 0 denotes the filtering factor to cancel out the noise. The nonlinear function Re(
in which the parameters a and d can be determined as follows:
In a similar manner, z 3 and z 4 of nonlinear differentiator ND(II) in figure 2 can be derived. Finally, the velocity error is derived by (see figure 2 )
The main advantages of the proposed method are twofold. First, unlike other available Kalman filter or observer-based approaches, the developed nonlinear differentiator does not require the system model. Second, the developed enhanced PD controller is easy to implement and exhibits better control performance, and moreover, it appears to be more robust against the noise in the experimental tests.
It should be noted as well that the tuning of PD control gains here has no significant difference from tuning standard PD control gains. This is because the key component of the proposed enhanced controller is to introduce a nonlinear differentiator to improve the quality of the velocity signal, and the basic principle of the P-and D-controls does not change. As a result, many traditional P-and D-gain tuning methodologies are still valid here.
PZT actuator control
The control voltage V i (t) is designed using feedback of the linear vibration velocity, i.e.,
where k i is a positive control gain, andẇ(a i2 , t) anḋ w(a i1 , t) denote linear vibration velocities at points a i2 and a i1 , respectively. Note that it is less complex to obtain the linear velocitiesẇ(a i2 , t) andẇ(a i1 , t) than the angular velocities, by methods such as the integration of acceleration signals measured by accelerometers installed on the structure, or differentiating deflections measured by PSD. This linear velocity feedback control is named L-type control [7, 8] .
By the PZT control law (16), there is no need to know the parameter c in the hybrid control law (4) exactly, since the control gain k i in (16) accommodates uncertainty of the parameter c.
Theorem 3. The proposed control laws (4) and (16) guarantee asymptotic stability of the system provided thatφ(i )φ (i ) 0.

Proof. Define a Lyapunov function candidate as
Differentiating U with respect to time yieldṡ
For a fixed desired position, the desired velocityθ d is zero, and henceė = −θ . Multiplying both sides of (5) by [θq T ] and then substituting the resulting expression into (18), we havė
Submitting (16) into (19) yieldṡ
Ifφ(i )φ (i ) 0,U 0. This implies thatθ → 0 anḋ q → 0 as time t → ∞. Then, the controller (4) becomes u(t) = K p e(t). Since no motion (including the vibration) exists and V (t) = 0, we further obtain from (2) that e(t) = 0 and q = 0.
Theorem 3 holds only whenφ(i )φ (i )
0. For an individual vibration mode with the kth order,φ k (i )φ k (i ) is not necessarily greater than zero and its sign depends on the actuator placement. Three conditions for examination of the actuator placement have been proposed in [8, 27] 
Condition 2.
The actuator is placed away from regions where the second derivatives of mode shape functions change sign.
Condition 3.
The actuator is ideally placed in regions where the produced actuating force or moment has the maximum contribution to vibration damping.
Conditions 1 and 2 are proposed mainly based on stability analysis, while condition 3 is for improving the damping efficiency. Note that condition 1 may not be satisfied when the mode number increases to a certain extent. In other words, the control spillover problem exists since not all mode vibrations can be suppressed by the proposed approach. Hence, the proposed method is ideally suited to the case when the ratio of the length of the link to the length of the actuator is high. The higher this ratio is, the higher the mode of vibration that can be suppressed.
To implement the actuator control law (16) successfully, the linear vibration velocitiesẇ(a i1 , t) andẇ(a i2 , t) must be measured online. In this study, we propose a simple method to estimate the linear vibration velocity at any specific point of the beam, just through measurement of the linear vibration velocity at the tip.
Since the low-frequency modes play the main role in the vibration, the deflection w(x, t) in (1) can be approximately expressed by the dominate vibration mode only, i.e.,
The corresponding deflections at the two boundary points a i1 and a i2 are
Rewrite the tip deflection w(L , t) as
At the specific point of the beam, i.e., a i1 or a i2 , the normal function φ 1 (a i1 ) or φ 1 (a i2 ) is a constant. As a result, equation (22) can be rewritten as where C 11 and C 21 are constant. Then, the control law (16) becomes
where the constant K = k · (C 11 − C 21 ) can be treated as a control gain. Equation (25) shows that the applied control voltage V (t) can be determined using feedback of the linear velocity at the tipẇ(L , t). Figure 3 shows a block diagram of the experimental setup used to verify the proposed approach. The setup consists of a flexible aluminium beam and a Sanyo Denki AC servo with a reduction gear 1:25. The PZT actuator, with the model number ACX QP40W, is bonded on the surface of the beam. Since the flexible beam rotates in the horizontal plane, the gravitational effect can be ignored. The tip deflection of the link is measured by a sensing system that consists of a laser diode located at the hub, and a PSD (position sensitive detector) installed at the tip of the beam. The linear velocity used for the PZT actuator control is obtained via differentiating the deflection signal. The measurement range of the PSD is ±8 mm. A built-in incremental encoder is used to calculate the rotating angle of the hub. The encoder has a resolution of 0.0072
Experiments
Experimental setup
• per pulse, with a counter card PCL-833 to count the encoder pulses. The analogue signal of the PSD is converted into digital data through a PCL-818HD A/D card. The control voltages of controllers for the motor and the PZT actuators are sent to the servo-amplifier and the ACX amplifier, respectively, through a PCL-727 D/A card. Figure 4 shows the experimental setup in two cases: (a) the PZT actuator was bonded at the tip of the beam, and (b) the PZT actuator was bonded at the middle of the beam. The proposed conditions for actuator placement were satisfied in case (a) but not in case (b) (see detailed analysis in [27] ). The vibration modes of the flexible beam are identified in the frequency domain. Figure 5 illustrates the fast Fourier transform (FFT) of the vibration signal of the flexible beam. It can be seen that the first two modes with frequencies of 24.8186 and 50.2655 rad s −1 play a main role in the vibration. In the following experiments, a third-order lowpass Butterworth digital filter with a cut-off frequency at 20 Hz (125.6 rad s −1 ) is used to pre-filter the measured data of the tip deflection to reduce the high-frequency noise.
Tests of nonlinear differentiator
Experiments were first performed by rotating the hub from 0
• to 40
• to examine the effectiveness of the nonlinear differentiator used in the PD feedback control. The PD control gains in (4) were chosen as K P = 0.05 and K D = 0.01. The sampling period was h = 10 ms. To implement the nonlinear differentiator to obtain the differential velocity signal based on the position measurement, we selected the following parameters: h 0 = 0.02, δ 0 = 0.008, and the initial values of z 1 -z 4 are all zeros, i.e. z 1 (0) = 0, z 2 (0) = 0, z 3 (0) = 0, z 4 (0) = 0. Figure 6 illustrates a comparison between the PD feedback controls without ND and with ND, in the case that the system does not suffer large noise. Figure 7 illustrates the same comparison when the system was subject to a white noise with a mean value of 0
• and a variance of 0.667
. The comparison was further performed when increasing the amplitude of the white noise, i.e., the variance is 1.667
• (3σ = 5
• ), and the results are shown in figure 8 . It is obvious to without ND with ND see that the enhanced PD feedback control with the nonlinear differentiator is more robust against the noise than the standard PD feedback without the nonlinear differentiator.
Tests of the hybrid control
The same experiments were also carried out while turning on the PZT actuator control to suppress the vibration of the beam.
The same control parameters as section 4.2 were employed. To choose a suitable PZT control gain k i , the following issues were considered: (1) a high voltage (usually >100 V) is needed to drive the PZT actuators effectively; (2) the ACX amplifier has a scale factor of 35.6; (3) the D/A channel can only generate a output voltage between ±5, and ±178 V after the ACX amplifier. Therefore, the control gain k i was finally selected to the different location of the PZT actuator, the responses of the system are different even with the same control law. It can be seen from comparing figures 11 and 9 that the stiffness of the flexible beam has been enhanced by moving the PZT actuator from the tip to the middle. Figure 12 illustrates the experimental results when turning on the PZT actuator. Although the hub angles reach the desired position, the beam's vibration increases. This is because the actuator placement at the middle of the beam does not satisfy the proposed condition 1 in section 3.2 (as analysed in [27] ), which subsequently makes the system's vibrations excited. Furthermore, figure 13 illustrates a comparison between the control input voltages to the PZT actuator at the tip (a) and middle (b) of the beam. These results were obtained after multiplying the output of the PCL-727 D/A card by an amplifier factor (35.6). The effect of the actuator location on the actuator control inputs can be clearly observed from figure 13.
Conclusions
This paper describes an approach to the use of a hybrid control algorithm to control the rotation of a flexible beam while suppressing the beam's vibration. The hybrid controller consists of an enhanced PD feedback with a nonlinear differentiator to obtain a high-quality velocity signal based on position measurement, and L-type PZT actuator control with feedback of linear vibration velocities. The proposed control law formulation does not require a system model for easy implementation, and appears to be more robust against the noise. The use of the linear velocity feedback for the PZT actuator control also makes the method easy to implement, since the linear velocity is easier to obtain than the angular velocity. Experimental results verify not only the effectiveness of the proposed hybrid control method, but also the correctness of the proposed conditions for PZT actuator placement.
Then, equation (7) is transformed to the followṡ r 1 (τ ) = r 2 (τ )
and r 1 (t) − c = z 1 (Rt) holds. Using the condition lim t→∞ z 1 (t) = 0 and lemma 1, it is straightforward that lim R→∞ T 0 |r 1 (t) − β| dt = 0.
Therefore, theorem 1 is right justified.
